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SPECTRAL INCLUSION FOR
UNBOUNDED DIAGONALLY DOMINANT
nxn OPERATOR MATRICES

TULKIN H. RASULOV AND CHRISTIANE TRETTER

ABSTRACT. In this paper, we establish an analytic
enclosure for the spectrum of unbounded linear operators A
admitting an n X n matrix representation in a Hilbert space
H = H1 P - D Hn. For diagonally dominant operator
matrices of order 0, we show that this new enclosing set, the
block numerical range W™ (A), contains the eigenvalues of A
and that the approximate point spectrum of A is contained
in its closure Wn(A). Since the block numerical range turns
out to be a subset of the usual numerical range, W"(A) C
W(A), it may give a tighter enclosure of the spectrum.
Moreover, we prove Gershgorin theorems for diagonally
dominant n X n operator matrices and compare our results
to both Gershgorin bounds and classical perturbation theory.
Our results are illustrated by deriving new lower bounds for
3 x 3 self-adjoint operator matrices and applying the latter to
three-channel Hamiltonians in quantum mechanics.

1. Introduction. The location of spectra of non-self-adjoint linear
operators plays a crucial role in many applications. Especially for non-
self-adjoint operators but also for self-adjoint operators with spectral
gaps, numerical approximations of the spectrum or of eigenvalues are
prone to be unreliable (see, e.g., [2]). On the other hand, rigorous
analytic information on the spectrum is, in general, difficult to obtain
(see, e.g., [5]). One of the few simple analytical tools for localizing
the spectrum is the numerical range; however, due to its convexity,
the numerical range is often too coarse to provide good enclosures
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for the spectrum or even useless, e.g., for estimating eigenvalues in
spectral gaps.

In this paper, we establish a new analytic enclosure for the spectrum
of unbounded linear operators that admit a matrix representation
A= (Aij)ﬁjzl with respect to a decomposition H = H1B---DdH, of a
Hilbert space H. The enclosing set, the block numerical range W™ (A),
is defined as the union of all eigenvalues of the n x n matrices

Ag = ((Aifj, £)ij=1 € Ma(C), = (fi)ies € D(A), [Ifil = 1.

One of our main results is the spectral inclusion property of the block
numerical range: all eigenvalues of A are contained in W™ (A) and, if A
is diagonally dominant of order 0, the approximate point spectrum of .4
is contained in the closure Wn(A),

(1.1) op(A) C W™ (A), Tapp(A) C Wn(A).

This is a direct generalization of the spectral inclusion property of the
classical numerical range W (A) = W1(A) (see [9]) obtained for n = 1.

Further new results include criteria for the closedness of tridiagonal
n X n operator matrices which improve an earlier result for the case
n = 2 in [14], inclusions among different block numerical ranges,
especially the enclosure W"(A) C W(A) in the classical numerical
range, Gershgorin type theorems for general n x n operator matrices,
and new lower bounds for self-adjoint diagonally dominant 3 x 3
operator matrices with diagonal entries all bounded from below.

The quadratic numerical range (which is the special case n = 2)
was first introduced in [11] for unbounded operator matrices with
bounded off-diagonal entries. The block numerical range of bounded
n X n operator matrices was introduced, and its spectral inclusion
property was proved in [15]. For the quadratic numerical range, the
spectral inclusion property was proved in [11] only in a special case; it
was assumed that all off-diagonal entries are bounded and the diagonal
entries are separated, i.e.,

Re W(All) < Re W(AQQ)

In [14], the spectral inclusion property was generalized to diagonally
dominant and off-diagonally dominant operator matrices of order 0.
For n > 3, up until now, there have been no spectral inclusion results
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in the unbounded case and, even in the bounded case, no estimates of
the block numerical range.

The present paper fills in these gaps and provides new spectral
estimates, even for semi-bounded self-adjoint 3 x 3 operator matrices.
Moreover, due to the inclusion

WA c W HA) C---c WA c WHA) = W(A)

upon refinement of the decomposition of the Hilbert space H, block nu-
merical ranges may give tighter enclosures than the classical numerical
range W (A). Since, unlike W (A), the block numerical range W"(.A)
is in general no longer convex, and its at most n components need not
be so, our new spectral enclosures may indeed be considerably better.

The paper is organized as follows. In Section 2, we introduce and
study the notion of diagonal dominance for n X n operator matrices
with unbounded entries. In Section 3, we establish criteria for the
closedness of tridiagonal diagonally dominant operator matrices, thus
improving the results for n = 2 in [14]. In Section 4, we introduce
the block numerical range W™(A) of an unbounded n x n operator
matrix A and prove some elementary properties of it; in particular, we
show that the block numerical range is always contained in the usual
numerical range. In Section 5, we prove our main result which shows
that the block numerical range has the spectral inclusion property (1.1)
if the operator matrix is diagonally dominant of order 0. In Section 6,
we establish a Gershgorin type theorem for unbounded n x n operator
matrices and derive an estimate for the block numerical range by means
of the matrix Gershgorin theorem. In Section 7, we use the cubic
numerical range W3(A) to establish new estimates for the spectrum of
tridiagonal 3 x 3 self-adjoint operator matrices. We compare our new
bounds to classical perturbation theory as well as to the Gershgorin
bounds from Section 6, and illustrate them by an application to three-
channel Hamiltonians from quantum mechanics.

Throughout this paper, we use the following notation. If A is a
linear operator from one Banach or Hilbert space to another, then
D(A) denotes its domain, R(A) its range, p(.A) its resolvent set, o(.A)
its spectrum, op,(.A) its point spectrum and opp(A) its approximate
point spectrum.
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2. Diagonally dominant n x n operator matrices. Let n € N,
n>2,let (Hi] - 1l:), 4 =1,...,n, be Banach spaces and let (H, || - ||)
be the Euclidean product of Hy,...,H,, that is,

H=H1D - - DHpy,
1= A+ 4 a2 f= (e ) €

In the Banach space H we consider linear operators A that admit
an n x n operator matrix representation

(2.2) A= (Ai)ijzs In H=H1 D ®Hap,

where the entries are densely defined closable linear operators
Aij i H; D D(Ay;) — My, 4,5=1,...,n,

and for which the domain of A, given by

(23) D(.A) = éDj, Dj = ﬁ D(AU) - ,Hj,

i=1
is again dense in H.

For the reader’s convenience, we briefly recall the notion of relative
boundedness (see [9, subsection VI.1]).

Let (E, |- |g), (F,]|-|lr), (G, |- |lc) be Banach spaces, and let
T:E>DIT)—F, S:E>DS)—G

be linear operators. Then, S is called T-bounded (or relatively boun-
ded with respect to T) if D(T) C D(S), and there exist constants
as, bg > 0 with

(2.4) 1Szl < as||zlle + bsl|Tzr, @€ D(T);

the infimum Jg of all bg such that (2.4) holds for some ag > 0 is called
the T-bound of S (or relative bound of S with respect to T').

Note that, if T'is closed and S is closable with D(T") C D(S), then S
is T-bounded (see [9, Remark IV.1.5]). It is also not difficult to prove
(see [9, subsection V.4.1, (4.1), (4.2)]) that (2.4) is equivalent to

(2.5) ISz < agllalf + 6§ 1Tx]%, = € D(T),
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with constants ay, bly > 0; moreover, (2.4) holds with bg < § for some
d > 0 if and only if (2.5) holds with some by < §. Hence, the T-bound
dg of S can also be defined as the infimum of all by > 0 so that (2.5)
holds for some a’y > 0.

Definition 2.1. For an operator matrix A as in (2.2), we define the
diagonal part T and the off-diagonal part S by
(2.6) T :=diag(A11, ..., Ann), S=A-T,

and we call A diagonally dominant of order ds if S is T-bounded with
T-bound I5s.

Note that, for a diagonally dominant operator matrix A, the domain
is always given by the domains of the diagonal entries

Remark 2.2. If A is diagonally dominant of order ds < 1, then S is
A-bounded with A-bound < §s/(1 — és).

Diagonal dominance may also be characterized by means of the
entries of the operator matrix A as follows.

Proposition 2.3. Let A be as in (2.2). Then,
A is diagonally dominant <= A;; is Aj;-bounded

foralli,j=1,...,n,i# j. In this case, if 6s is the dominance order

of A and §;; are the Ajj-bounds of A;j;, then

n 1/2
(28) by < bs < 6= <<n - 1)1;1%526,%[)
=
foralli,j=1,...,n,i# j; in particular,
A is diagonally dominant of order 0 <= §;; = 0.

Proof. To show that §;; < ds, let j € {1,...,n}, f; € H;, ¢; =
(0,...,0, f;,0,...,0)" with the only non-zero entry f; in the jth line,



284 TULKIN H. RASULOV AND CHRISTIANE TRETTER

and let € > 0 be arbitrary. Then, by assumption, there exist a's, b's > 0,
ds < blg < ds + ¢ such that, for every i € {1,...,n}, i # j,

1A £517 <D 1Ak £l = [1Ses)1?
ﬁ;}
aglle;||® + b3 Te;1* = a2l f15 + 0311455 5115

To show that ds < §, let € > 0 be arbitrary. By the assumptions,
the domain inclusions D(A;;) C D(A;;) hold for 4,5 =1,...,n, i # j,

and there are constants a”,bij > 0 with ;5 < b < i +¢€ and

1Asi 5117 < a2l 5115 + 021 A5 5115, fi € D(Aj5).

Therefore,

and, for f = (f1,..., fa)t € D(T),

(2.9)
ISFII* = Z ZAufg <=1 > A fil?
i=1 i=1 j=1
1751 giz
(n—1 ZZ HfJ”] b/2||AJJf]|| )
=1 j=1
J#i
(n—=1) Z( )IIfJIJ (n—=1) (Zb’?)ijfjni
j=1 j=1 \i=1
i#]
< (n—1)<r§§52a2§> 17117+ (n = 1) (mabe'§>||Tf||2.

Since € > 0 is arbitrary and §;; < b'ij < 6;; + €, we obtain that ds < 4.
The last equivalence is immediate from the two-sided estimate
n (2.8). O

Remark 2.4. If the operator matrix A has a fixed number of zero
entries in each column, then the upper bound § in Proposition 2.3 may
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be improved. For example, if A is tridiagonal, A;; = 0 for |i — j| > 1,
we can replace the estimate in the first line of (2.9) by the equality

n—1

ISFI? = Asafallf + D N Aiim1 fimr + Asist firaIF + [ Ann—1 fa I

=2

to obtain that
< n—2
65 < 8 1= max {2021, /6%, + 208, V2RAX(02_y ;+ 03, ),
]:

\/6721,71—1 +25121—2,n—1a \/ﬁ(snflm}-

Corollary 2.5. If the diagonal entries Aj; of A are closed, then
A is diagonally dominant <= D(A;;) C D(A;;)

foralli,j=1,...,n,i#j.

Proof. The implication = is obvious since, by assumption,
B - o < pis) - B ( (o)
i=1 '

Since Aj; is closed and A;; is closable for 4,5 = 1,...,n, i # j, the
inclusion D(A;;) C D(A;;) implies that A;; is Aj;-bounded (see [9,
Remark IV.1.5]). Now, Proposition 2.3 implies the implication <. O

In the last part of the proof, we cannot directly conclude that the
domain inclusions on the entries imply D(S) C D(7) and hence the
claim on the left hand side. The last conclusion only holds if S were
closable, which need not be the case if n > 3.

Remark 2.6. The diagonal part 7 of A is always closable since it is the
direct sum of the closable operators Ajq, ..., A,,. For the off-diagonal
part S this is only true in the 2 x 2 case.

Indeed, if n = 2, Aya, Aay are closable, and ((y,,w,)")$* C H1 ® Ha
is such that
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() = @) ()= () = () o
Wy 0 Wy AZIyV w

then y = 0 and w = 0 since Ao and Asq, respectively, are closable.

On the other hand, if n > 3, then S need not be closable even if A
is tridiagonal and all entries are closed. As an example, consider the
case n = 3 and

0 Aio 0
S=[A4n 0 Ay
0 Aso 0

with densely defined closed entries
Aij HJ DD(A”)HH“ 7/,]:1,2,37 |’L—]|:1

Suppose that Hy = Ha, Aa; = A, + Aly, Asz = —AY; such that A9,
is closed and A}, = Ay + Asz is AY-bounded with A9,-bound < 1,
but not closable. Then there exists a sequence (y,)3° C H1 = Hs such
that y, — 0, (A21 + Ao3)y, — v # 0 for v — co. Then, S is not
closable since, for the sequence ((y,,0,v,)%)5° C H, we have

Yy 0 Yy 0 0
0] — 10|, S10]|=((Aa1+A43)y ]| —|v], v—oc
Yv 0 Yy 0 0

For example, one could choose Hy = Ho = Hz = L2(0,1), Ay := —y”,
AL, =9/ (0) - 1 with D(AY;) = D(AL;) = W2(0,1); then, AY; is closed
and Al is A9;-bounded with A9;-bound 0, but not closable (see [1]).

The upper bounds ¢ and § for the dominance order in Proposition 2.3
and Remark 2.4, respectively, may be strict, as the next example shows.

Example 2.7. Let n = 3, let the Hilbert spaces H; = Ho = H3 coin-
cide, and suppose that Hy = H3 & H3 where (H, || - ||2.4), i = 1,2, are
non-trivial invariant subspaces for Ass : Ho D D(Ags) —> Hs. Denote
by P; : Ha — M} the projection from Ho to Hi, i = 1,2, and let
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~ > 0. Then the tridiagonal operator matrix .4

0 A 0 *
A:=[0 Ay 0], A = (Vplf(l)wpl 8) )
0 Az O

Ao (0 0
327 \0 yPyAnPy )’

is diagonally dominant of order ds = 7 since here D(T) = (8) =
Hi @D(Agg)@?‘[g and, for f = (fl, f2, fg)t € D(T) and fo = ( 22 S
D(Agz) ® PoD(Ag),

ISFII” = [Arafoll + [|As2 f2ll5 = [y PLA22 f2
=7[[ Az foll3 = AT £

On the other hand, since Aj2 and Aszs are both Ass-bounded with

AQQ—bOUHdS 512 = 532 =7, the bound g = \/5%24—26%2 = \/?:’Y

in Remark 2.4 is strictly greater than ds = v (and the bound § =
82, + 02, = 2 is even greater).

51+ IvP2Anfoll3

Remark 2.8. Note that the dominance order ds depends upon the
choice of the norm on # since so do the constants as and bs in (2.4).
For instance, instead of the Euclidean norm || - || on the Hilbert space
product H = H1 @ --- B H,, choose the equivalent norm

WA =l + o+ W fallny, f=(Foe fa) €M

and let 0’5 be the corresponding dominance order, and d;; the A;;-bound
of Aijj, 4,7 =1,...,n, [i — j| = 1. Then, we obtain the upper bound

Note that, in the tridiagonal case, no further improvement may be
obtained; here ¢;; = 0 for |i — j| > 1, whence

~,

n—1
8 = ¢ = max {62171]1135((5j,17j + 5j+17j)a5n71,n}~

3. Closability/closedness of diagonally dominant n X n op-
erator matrices. Next, we establish conditions for the closability and



288 TULKIN H. RASULOV AND CHRISTIANE TRETTER

closedness of general n X n operator matrices and for the more partic-
ular tridiagonal case. The first result is a simple perturbation result.

Theorem 3.1. If the operator matriz A in (2.2) is diagonally dominant
of order 0s < 1, then A is closable; if, in addition, the diagonal entries
of A are closed, then A is closed.

Proof. By assumption, A = T + § with T closable or closed,
respectively, and S is T-bounded with 7-bound ds < 1. Now, both
assertions follow from classical perturbation results on the stability of
closability and closedness, respectively (see [9, Theorem IV.1.1]). O

In the following, we derive another criterion for the closability and
closedness, respectively, of tridiagonal operator matrices which are
characterized by A;; =0 for |i — j| > 1, i.e.,

A A 0 0 0 0
Agy Az A 0 0
0 Az Ass 0
(3.1) A:=
0 An—?,n—l 0
0 0 Anfl,n72 Anfl,nfl Anfl,n
0 0 0 0 Apnn-1 Apn

here, the relative bounds 6;41,; and §; ;41 of A1 ; and A ;41 on the
lower and upper off-diagonal, respectively, may balance each other.

The next theorem generalizes, and improves, the closability/closed-
ness criterion for n = 2 in [13, Theorem 2.2.8].

Theorem 3.2. Let A= (A;;)};_; be tridiagonal and diagonally dom-
inant and let §;; be the A;;-bound of A;j, 4,5 =1,...,n, [i—j|=1. If
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5n,n—16n—1,n

5n71,n726n72,n71

6n—2,n—35n—3,n—2

632523

1 0P
1 — 0621012

then A is closable and closed if its diagonal elements A;; are closed.

Remark 3.3. The continued fraction ¢, (.A) in (3.2) can also be defined
by the recursion

Ok k—10k—1,k
3.3 01(A) :=0, 0p(A) = ——22 k=23,...,n.
(33) 0 () 1= P n
Then, condition (3.2) is equivalent to
(3.4) Ok k—10k—1,k + op—1(A) <1, k=2,3,....,m

this shows that (3.2) necessitates that the relative bounds satisfy
Ok k—10k—16 <1, k=2,3,...,n

Proof of Theorem 3.2. For p > 0, define the n x n diagonal operator
matrix as
M(p) = diag(la, plo, p*Toy - p" " Doy,).
Clearly, A is closable or closed if and only if, for some p > 0, so is

Apn (1) := M(p) AM () 7!

Ay iAu 0 .. .. 0
,UA21 Agz 5A23 0
0 /,(,Agg Ass iASzL 0
: . . iAn—l,n
O ,UAn,n—l Ann-
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The latter will be proved by induction on n = 2,3,.... In order
to formulate the precise induction claim, we introduce the following
temporary notation.

For k = 1,2,...,n, we denote by ﬁk = H1 D - & Hy the first k
components of H and by ﬁn_k the last n — k components of H; the
elements of Hj, are denoted by fk = (f)k  with fi e H;yi =1,2,...,k.
Then, H :ﬁk@ﬁn,k fork=1,2,...,n—1and H =H, for k = n.
We denote by P, : H — Hy the projection of H onto the first k
components, by Q,_x : H — ’ﬁn,k the projection of H onto the last
n—k components, and we set Ay, 1= P AP} for k=1,2,...,n. Then,
with respect to the decomposition ﬁn = 7-7”71 ®H,, the n x n operator
matrix A, (@) has the 2 x 2 operator matrix representation

_ Anflynfl(:u) Anfl,n(/‘)
Ann(,u) N < An,nfl(ﬂ) Ann ) ’

where

-Anfl,n(,u) = PnflAnn(,uf)Q*{ = O y

iAnfl,n
An,n—l(,u) = QlAnn(M)P;_l = (0 -0 ,LLAn,n—l) .

Further, for x4 > 0, we define 01(A, u) := 0,

1
O (A, ) := Ok j—1y/ 1% + 071 4, T on (A ) k=23,...,n

Note that, by definition (3.3) and induction, we have dx (A, 0) = 0, (A),
k=1,2,...,n.

By induction on n = 2,3,..., we prove that there exists a pu, > 0
such that, for p € (0, uy,),

(D)n On—1(A,p) < 1 and A, p—1(p) is Ap—1pn—1(u)-bounded with
Ap—1,n—1(p)-bound

~ 1
3.5 571 < 5n.n— T 4
(35) (1) < 1hrn T
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(i)p, Ann(p) is closable and closed if all its diagonal elements
Aiq,...,A,, are closed.

First, let n = 2.

(i) Since Az (1) = pAsr and Aq1(u) = Ayq, it follows that A (u)
is Aj1 (p)-bounded with A;; (p1)-bound

1
21 = M@lm
for every p > 0 since 1 (A, ) = 0 by definition.

(ii)2 The relative boundedness constants for

Iy 0 Iy 0 > ( Ay 1z412>
A = ! A * = H
(k) < 0 “IH2> ( 0 il% pAz1 Az
are (021 in the first column and (1/p)d12 in the second. By [13,

Theorem 2.2.8], Agqo(u) is closable and closed if Aj1, Ags are closed,
provided that (1d21)%(1 + (812/1)?) < 1, or equivalently,

(3.6) 5005, + 203, < 1.

Since 812621 < 1 by (3.4) for k = 2, we have pg = (1 — 6§%50%,)/6%; > 0
and (3.6) holds for all u € (0, p2).
Now let n > 3, and assume that (i),,—1 and (ii),—; hold.

(i), First, we show that, if we decompose the 2 x 2 operator
matrix A,_1,-1(p) in Hpo1 = Hp—o @ Hp—1 as A1 poa(p) =
AD 11 () + ALy oy () with

A0 () = (An—z,n—z(u) An—2,n—1(u)) ,

0 Ap 1
(3.7) bt
A= o
n—1l,n—1 . An—l,n—2(,u) 0 ’
then A}, () is AY_;, ;(u)-bounded with some A%, (u)-

bound 6% (1) < 1. Toward this end, let ¢ > 0 be arbitrary. By
induction hypothesis (i),,—1, there is a u,—1 > 0 such that the op-
erator A, 1 p—o(pt) is Ap_2 n—2(p)-bounded with A,,_s ,,—o(u)-bound
gn_l(u) for every p € (0,pun—1). By assumption, the operator
An—2,n—1 is An_lvn_l—bounded with An_lvn_l—bound 5n—2,n—1; and
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Mrn—2n—1() froall = ||£1/,u)An,2 n—1fn—1l| by definition. Thus, there

are constants @pn—1(i), br-1(1), @521, b, 9,1 > 0 with

o1 (1) < D1 (1) < Sni(p) +e,
5”*2#1*1 < b{an,nfl < 6n727n71 +e

such that, for fr_1 = (fa—o fu_1)! € D(A°_ 1n-1(m) C Hoy =
Hn—Q@Hﬂ—l;

A1t (1) 1||2:||An Ln—2() faa |
< @1 ()| famall® + 571 () An—2in—2(k) fu—el®
AR () faal® + 0 ( )?

;

<ua
~ 1
: <|-An—2,n—2(,u)fn—2 + An—Q,n—l(M)fn—l” + HMAH—Zn—lfn—l
< a1 ()| fazzll® + 0721 (1)
. (( )H»An 2,n— 2( )ﬁL—2+An—2,n—1(/L)fn—1”2
1
T

- -~ 1 ~
Smax{az%l(m 21 +) 0% 1}||fn1||2

(149) L (@2 1||fn_1||2+b',%_2,n_1An_l,n_lfn_1||2>)

~ 1 1 ~
+021 () max{(wv), <1+v>u2b/iz,n1}||A21,n1<u>fn12

with arbitrary v > 0. The second maximum becomes minimal if we
choose v~ == (1/p?)b% 21 Thus, Ay, (p) is Ay, ()-
bounded with A? (1)-bound

n—1n—1

~ 1
3R, ) < Bhoatuy 1+ b hans

~ 1
< Gurlw)+ sw Lt g+
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Since e > 0 is arbitrary and due to estimate (3.5) from (i),,—1, we find

~ 1
(57];’81(/1) < 5n71(ﬂ) 1+ Eéz—ln—l
3.8 1
( ) < 5n71,n72mm

= 6n—1(-’47 N)'

By assumption (3.4) for k =n—1, we have d,_1(A,0) = §,,_1(A) < 1.
Hence, since d,,—1(A,-) is continuous in a neighborhood of 0, we can
choose Ji,, > 0 so that 60, (1) < 8,1 (A, p) < 1 for all p € (0, i)

Thus, if we set i, := min{p,_1, fin}, then the operator A},_; (1)
is Ap—1n—1(p)-bounded for p € (0, fi,) with A, 5,—1(p)- bound

05 Saa(Ap)
1-6,% () ~ 1= 0na(Ap)’

here, we have used [13, Lemma 2.1.6] and (3.8).

By definition and assumption, Ay, ,—1(p) is App-bounded with
App-bound (16, n—1. By what was shown above, A}, () is
Apn—1,n—1(p)-bounded for u € (0, fi,,) with A, —1 5,—1(p)-bound 8} _; (1)
satisfying estimate (3.9); note that, by definition (3.7), we have

AL 11 () Famtll = [Miu—10—2(p) fa—z]| for fo1 = (fn 2 fn1)' €

(3.9) Op1 () <

D(A,—1n2(p)) ®© Hp1. Hence, there exist constants ay, ,,_y, by, ,_1,
al_y(p), bL_1 (1) > 0 with

6n,n*1 S b;L,nfl < 6n,n71 +57 6n 1( ) S brlLfl( ) < 6n 1(:“’) +e
S~0 that, for J?nfl = (fz)?;ll = (Jan2 fnfl)t € D(-'Anflmfl) C ﬁnfl =
Hn_g @Hn—h
HAn,n*I( )ﬁz 1H2 = ||NAn nflfn*1||2

<u (ann 1||fn 1||2 bl% 7L—1||An—1,n—1fn—1||2)

</1’ (a’nn 1||fn 1”2 nn 1

(M An1n-2(1) f 2+An L1 fat |+ [AG 21 o1 (1) (D)
</14 (ann 1||fn 1”2 nn 1)

((1+ 5) lAn - 1n-2() o2 + An-1m-1fa 1]
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(1 )b (0 ot P+ 03 ()2 A () 1)
< (%t V3 a (1 7)ab o (1)) o2

/ 1 rs
e (1) + 0+ )00 1At () o P

with arbitrary 5 > 0; here, in the last step, the obvious inequality

H-Anfl,n72(u)fn72+An71,n71fn71 ||2 < HAnfl,nfl(M).}Tn71”2 was used.
The last factor but one becomes minimal for v=! := b | (1)?. In the
same manner as above, since ¢ > 0 is arbitrary, we see that A, ,—1 (1)

is Ay —1,n—1(p)-bounded for p € (0,0t,) with A1 p—1(p)-bound

~ 1
Sn(p) < b1 (1461 < 1,
(:U’) = HUOn, 1( + n l(lu)) = UOnp, 1 1— 6n71(A7 M)

where we have used estimate (3.9) for 61 _;(u). This completes the
proof of (i)y,.

(ii),, We apply the claim for n = 2 to the operator matrix

A (1) = <A,Z:,£E;(f;) An;“ﬁ(u)) '

By induction hypothesis (ii),—1, there exists a p,—1; > 0 such that,
for 1t € (0, pp—1), the operator A,_1,—1(p) is closable, and closed
if Ay1,...,Apn—1,n—1 are closed, while all other entries of A,,(u) are
closable by assumption. Moreover, by definition and assumption, the
App-bound of A,_1.,(p) = (1/u)An—1,n is (1/u)dp—1,n; by (i)n, the
Ap—1,n—1(u)-bound of A, ,_1(u) is gn(u) for u € (0,fi,). Hence, by
(ii)a, there exists a ps > 0 such that A,,(u) is closable, and closed
if A117. .. 7An—1,n—laAnn are closed, for VS (O,min{,ug,,un_l,ﬁn})
provided that (1//1)5”_17”3”(;1) < 1. Due to estimate (3.5) in (i),
already proved above, the latter holds if

~ 1

On(p) := 5n,n—15n—1,nm < L
By condition (3.3) for k = n, we have 6,(0) = 6,(A) < 1. Since
dn(-) is continuous in a neighborhood of 0, there exists a p, €

(0, min{pto, ftn—1,7in}) with &,(p) < 1 for pu € (0, ). Hence, Apy (1)
is closable, and closed if A1q,..., A,y are closed, for p € (0,p,). O
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The next corollary contains the particular cases n = 2 and n = 3 of
Theorem 3.2; note that, for n = 2, it improves the closability/closedness
criterion in [13, Theorem 2.2.8], which requires either da11/1 + 07, < 1

or (512\/ 1+ 5%1 < 1.
Corollary 3.4. Let n = 2. If
021012 < 1,
then A = (‘2; ‘2;2) is closable and closed if Ay, i = 1,2, are closed.

Letn=3. If

(3.10) 021012 + 032023 < 1,
Aq1 A2 0

then A = <A21 Az Azs) is closable and closed if Ay, 1 = 1,2,3,
0 Asz Ass

are closed.

Corollary 3.5. Let A= (A;j);;— be tridiagonal and diagonally dom-

inant such that, for every k=2,3,...,n, either Ay r—1 has Ap_15—1-
bound 0 or Ax_1 1 has Agk-bound 0, i.e.,
(3.11) 5k,k—1 =0 or 5k—1,k = 0, k= 2, 3, ceey N

Then A is closable and closed if its diagonal elements are closed.

Sufficient conditions for relative bound 0 include boundedness, rela-
tive compactness, and domain inclusions for some fractional power (see
e.g., [6, Corollary II1.7.7], [13, Corollary 2.1.20]). Therefore, the next
corollary is immediate from Corollary 3.5.

Corollary 3.6. Let A = (Ai;)};—, be tridiagonal and diagonally
dominant such that, for every k =2,3,...,n, either one of

(1) Agr—1 is bounded;
(i) Ag -1 is Ag—1 x—1-compact and Hi_1, Hy are reflexive;
(ili) Hr—1, Hi are Hilbert spaces and D(|Ag—1 k-1|") C D(Ag k—1) for
some v € (0,1);

or one of

(") Ag—1x is bounded;
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(it") Ak—1 s Ak -compact and Hy_1, Hy are reflexive;
(iii") Hg—1, Hr are Hilbert spaces and D(|Akk|?) C D(Ak—1%) for
some 7y € (0,1);

holds. Then, A is closable and closed if its diagonal elements are closed.

Remark 3.7. Theorem 3.2 and its corollaries also apply to n x n
operator matrices that are similar to diagonally dominant tridiagonal
ones; in particular, they apply to operator matrices Ain H = H1®---®
H,, for which there exists a permutation (i1,4s,...,%,) of (1,2,...,n)
such that the matrix representation of A = (4;,;,)} ;—, with respect to
H="H; ® - ®H,, is tridiagonal and diagonally dominant.

4. The block numerical range. The block numerical range for
2 x 2 operator matrices, also called the quadratic numerical range, was
introduced in [11] and further studied in a series of papers, in particu-
lar, in [10, 14] (also see [13]); in the latter two, the spectral inclusion
property was proved for diagonally dominant and off-diagonally domi-
nant operator matrices. The block numerical range for arbitrary n was
introduced in [15] for bounded entries.

In this section, we generalize the block numerical range to n x n
operator matrices with unbounded entries and study some of its el-

ementary properties. From now on, we assume that #i,...,#H, are
Hilbert spaces; by (-,-); and || - ||; we denote the scalar product and
corresponding norm in H;, 1 = 1,...,n, respectively.

Definition 4.1. Let A = (A;;);';_; be an operator matrix in the
Hilbert space H = H1 @ - - - & H,, with domain

D(A) =P ( N D(Aij))-
j=1 Ni=1
Set
S" =S, 00U,
={f=0 ) eM@® M, Ifill; =1,7=1,...,n}.
For f € D(A) NS™, we define the n x n matrix

Ap = ((Aijfj’fi)i)zj:1 € M, (C).
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Then, we call the set of eigenvalues of all of these matrices,

Wieem, (A) == {op(4f) : f € D(A) NS},

the block numerical range of A with respect to H = H1 @ --- B H,; for
a fixed decomposition of H, we also write

W"(A) = Wi g-amn, (A).

Note that in the definition of W™(A) it is not only required that
f #0, but even f; # 0, j = 1,...,n. Occasionally the following,
clearly equivalent, description of the block numerical range is useful.

Remark 4.2. For f = (f;)7_; € D(A), f; #0,j =1,...,n, we set

(Aijfjafi)i>n
Ap = ~——= M, (C
o= (b oy SO
and
A(fto s fus A) = AT [ fallh det(Af — Mcn), A€ C.

Then,

W) = | {op(Ap) £ = (f3)7s € DIAY S £ 0,5 = 1,...,m)
= {X € C: there exists an f = (fi)j=1 € D(A),
fi#0,5=1,....n, det(A; — Acn) =0}
= {X € C: there exists an f = (f;)7_; € D(A),
fi#0,5=1,....n A(f1,..., fa;A) =0}.
Remark 4.3.

(i) For n = 1, the block numerical range coincides with the usual
numerical range of A, given by

W(A) = {(Af,f): f € D(A), [Ifll =1}
for n = 2 it is the quadratic numerical range introduced in [11].

(ii) If A is a lower or upper tridiagonal matrix, then

Wn(A> = W(All) Uu---u W(Ann)

(iii) If A is symmetric, A C A*, then W™ (A) C R.
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The next proposition is a straightforward generalization of the fact
that the numerical range contains the quadratic numerical range (see
[13, Proposition 3.2]).

Proposition 4.4. W™ (A) C W(A).
Proof. Tt \g € W"(A), there exist [ = (f;)7_; € D(A) NS"™ and

¢ = (e)iy € € with el == P+ -+ el = 1 such that
Ajpc = Aoc. Then, the vector f.:= (c;f;)j—; € D(A) satisfies

n n
el =D lesfill; =D lesl® = 1,
j=1 j=1

and we have \g = (Asc,c) = (Afe, fo) € W(A). O

The next proposition shows that, for a diagonally dominant n X n
operator matrix A, the block numerical range of a principal minor is
contained in W™ (A) if a certain dimension condition holds (see [15,
Theorem 3.1]); for non-diagonally dominant matrices, this inclusion
only holds for the closures.

Proposition 4.5. Let k € N, 1 <k <mn, and Z := {iy,...,ip} CN,
1<idy <---<ir <n. Denote by Pr : H1®-- - ®Hp — Hi, B --DH,,
the projection onto the components iy, ... i of H. If @,z D(Au)
is a core for PLAPF and there exists an enumeration iy,... i, _, of
the elements of the set {1,...,n}\ {i1,...,ix} = {&,..., @, _.}, with
dim’Hi; >n—j,5=1,...,n—k, then

Wi, e-on, (PLAP;) C Wi a..omn, (A);

if A is diagonally dominant, then

Wi, e-om;, (PLAPL) C Wi a..om, (A).

Proof. The domain of Az := Pr AP} satisfies

D(A7) =P ( D(A4i;) > P () D(Ai) = P D;.

JET i€l JET i=1 JjET
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Both claims follow if we show that

(4.1) Wi, oo, (PrAP;

@iGIDi) - WHI@"'@H'”. (A)

Indeed, the core property of @, ., D; yields that

WHil D OHq, (PIAPI*) - WHil D OHqy, (PIAPI*|€B1,€ID@')
C Wi, --0m, (A);

if A is diagonally dominant, then

D(Az) = @D(An‘) = @Di,

s ieT
and therefore, PrAPf|g,.,p, = Pr APy in (4.1).

We prove (4.1) inductively. For k& = n, the claim is trivial. For
k=mn—1thereisanl € {1,...,n} such that ZU{¢} = {i1,...,in—1}U
{¢} ={1,...,n}. Then, Az = PrAPj arises from A by deleting the
(th row and column. Denote H;y :=H1 P - @ Hi 1 D Hep1 D B
Moo XN € Wy 0mi o o--oH, (Az|®,coD,), then there exists
an element @' = (z1---@y_1Tp41---xn)" € Syy, @ € @y Di =
@7;} Nj=1 D(A;;), such that det ((Az), — A) = 0. By assumption,

AL e

dim span{Aglxl, v Ap e, Av e e, - ,Am:ﬂn} <n—1<dimH,

and Dy = ﬂ;.l:l D(A¢;) C He is dense. Hence, there exists an z; € Dy,
H$g||[ =1, with

(Ag)ej = (Agjzj,ze)e =0, j=1,....6—1, £+1,...,n.

Indeed, there exist an orthonormal system {ej,...,e,} C Hp and
{el,...,el,} C Dy with |le; — eille < 1/2, ¢ = 1,2,...,n. Then,
{e},€h,... e} are linearly independent. If we let y = age} + -+ +
anel, € Dy, then the conditions (Agjxj,z¢)e = 0, j = 1,...,0—1,
£+1,...,n, yield a system of n—1 linear equations for the n coefficients
aq,...,an. Choosing a non-trivial solution, we find that =, := y/||y||

has the desired properties.
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With this choice of 24, we have x := (z1,...,Z¢-1,Tp, Tp41,- - 7ocn)t
€ Sy N D(A) and
A, =

(Aaz)ll T (Az)l,éfl (Az)lf (-A:v)l,€+1 e (Az)ln

(Ag)e—11 - (Ag)e—1e—1 (Ag)e—1e (Az)e—1041 - (Ag)e—1n
0 0 (Az)ee 0 0
(Ag)es11 - (Ap)er1o-1 (Ax)es1e (An)er1e41 - (Ag)etin

(Aot (Admict (Adme (Admess - (Ad)un

Thus, det(A; — A) = ((Az)ee — A) det ((Az)ar — A) = 0 and, therefore,
A € Wy, e.-an, (A). In the same manner, the case k < n — 1 follows
by induction. O

Remark 4.6. Note that the assumption that A is diagonally dominant
for the last claim of Proposition 4.5 is missing in the case n = 2 in [13,
Theorem 2.5.4], [15, Theorem 3.1].

We mention the dimension condition in Proposition 4.5 always holds
if all components H;, i = 1,...,n, have infinite dimension. If H; is
finite-dimensional for some ¢ € {1,...,n}, then these conditions are
necessary (for counter-examples see [13, Example 1.11.11]).

5. Spectral inclusion. One of the most important features of the
numerical range of a linear operator A is the spectral inclusion property:

op(A) C W(A), Tapp(A) C W(A);
if each of the (at most two) components of C\ W (A) contains a point

€ p(A), then

o(A) C W(A)

(see, e.g., [9, Theorem 5.3.2]). Here, the approximate point spectrum
of A is defined as

Tapp(A) = {/\ € C: there exist (f(”))‘fo C D(A), ||f(”)H =1,
(A=XNf" =50, v— 00}
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In the following, we prove analogs of these spectral inclusions for
the block numerical range of diagonally dominant unbounded n x n
operator matrices.

Theorem 5.1. o,(A) C W™(A).

Proof. The proof of Theorem 5.1 is completely analogous to that in
the case when A is bounded (see [15]), the only difference being that
the eigenvectors now belong to D(A). O

Theorem 5.2. If A is a diagonally dominant n X n operator matriz
of order 0, then

Tapp(A) C Wn(A).

If Qis a component of C\W™(A) that contains a point u € p(A), then
Q C p(A); in particular, if every component of C C W™(A) contains a
point u € p(A), then

o(A) C Wn(A).

Proof. In the following, let 7 = diag (411,...,4pn) and S =A—-T
be the diagonal and off-diagonal parts of A (see Definition 2.1).

Let Ag € 0app(A). Then, there exists a sequence

(fO)2ey = ((fs o [, € D(A)

with [[FO) = /I FEN3 + - + /)12 = 1 such that
(5.1) (A=) fW) = h") — 0, v— oo

Since A is diagonally dominant of order 0, the off-diagonal part S
of A is A-bounded with A-bound 0 by Remark 2.2. Thus, (5.1)
implies that (Sf®*))$° is bounded. Hence, again by (5.1), (T f*))° =
(A = 8)f¥)se is also bounded, i.e., (Ajjf](u))‘fo, j=1,...,n, are
bounded. Since A;; is A;;-bounded (see Proposition 2.3), there exist
aij, bij > 0, and hence, C' > 0, such that

1AG £ < aggll #7115 + i A £71l; < ©

fori,j =1,...,n,1 # j, v € N. In summary, we have proved that all
sequences (Aijf;y))l‘iozl, i,j =1,...,n, are bounded.
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Now, we choose f @) = (£,"), ..., F."))t € D(A) NS™ such that
(5.2) R =105 G=1
note that f;(y) can be arbitrarily chosen if f;y) =0.

If liminf, o ||fj<”)||j >0,7=1,...,n, in the sequel we set k := 0
and {j1,...,jk} = 0. If there exists a j; € {1,...,n} with

e gy
lim inf | f; ][5, =0,

then there is a subsequence (f*))%°, for which lim;_, ||f;j’l)||j1 = 0.
If there exists a jo € {1,...,n}\ {j1} with liminf;_, ||f;:’) I, =0, we

choose a subsequence ( f](:l’"))gjzl for which lim,, o || f;;l’")n j, = 0.

We continue this process until we have found a subsequence (f (V“))Zoﬂ
and {j1,...,7x} C {1,...,n} such that

(5:3)  lm 1505 =0. 5 € (i),

(5.4) lim inf £ >0, e {1, n}\ {r,- -k

Since ||f™) = 1, the set {i1,...,in_r} = {1,...,n}\ {j1,. -, dx}
is non-empty. Without loss of generality, we may assume that the
sequence (f(*))% | itself has the above properties and, further,

(s eedey =1{1,... Kk},
{103\ ikt ={k+1,...,n},

1% =7 >0, veN, i=k+1,...,n,

with positive constants v;, ¢ € {k+1,...,n}. Let kg € {0,1,...,k} be
such that

(5.5) dmH,; >n—j, j=1,... ko,
(56) dimHkO+1 <n-— ((k0+1)),

and let P be the projection onto the last n — kg components of H,

PHi@® @ Hy — Hig1 @ & Ho.



DIAGONALLY DOMINANT n x n OPERATOR MATRICES 303

In the following, we will show that
(5.7) Ao € Wn—Fko(PAP*);

then, due to the choice of ko in (5.5) and Proposition 4.5, we have

Wn—ko(PAP*) C Wn(A), and hence \g € W"(A) as required.

In order to prove (5.7), we first show that for all non-diagonal
elements in the first kg columns of A = (Aij)?,jzl

(5.8) Agf?) —0, i=1,....n, j=1,... ko, i #].
For this, let ¢ € {1,...,n}, j € {1,...,ko} , i # j, and € > 0 be

oo
v=1

arbitrary. Since the sequence ((A4;; — o) fj(")) is bounded, there

exists an M > 0 such that
1455 = 20 £l <M, veN.

Since A is diagonally dominant of order 0, the operator A;; is A;j-
bounded with Aj;-bound 0 if ¢ # j. Hence, there exist constants a;;,
b;; > 0 such that b;; <e¢/(2M) and

143 £ < aig £l + busll 45871
< (aij + big Do DI + bigll (A = 20) £y, v EN.
Due to (5.3), we can choose N € N with ||f](”)||j < e/(2(as; +bij| ol))s
v > N. It follows that ||A7;ij(V)Hi < ¢ for v > N, which proves (5.8).

Using (5.8) for i = ko+1, ..., n in the last n—ky components of (5.1),
we conclude that, for v — oo,

(5.9)  (PAP* = NoLnoieg) (f 1 - fI) =2 (971 -+ g{)E — 0.

We set ]?O(V) = (fkgljr)l e fn(u))t and consider the reduced determinant
AR5 5 20) = det(PAP®) jio) = AoT-iy)

(5.10) = det (((Aijfj(”l ) i — Aoln,ko).
The sequence of matrices (((Aijf;(y), f;(u))i)?’j:koﬂ — Aoln—ky )02 is
bounded. In fact, all entries of the first £ — kg columns are bounded

since, by (5.6), the components Hy,+1,- .., Hi are finite-dimensional,
so that all operators A;; with ¢ € {ko + 1,...,k} are bounded, and
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||fj(l')||j =1,j=ko+1,...,n; all entries of the last n — k columns are
bounded since

1A £l = 1A £ < *I\Awf(” iy G=Fk+1,.

I/ <”>||J

and all sequences (A;; f;y))l‘ﬁl were shown to be bounded (see above).

If we take the scalar product of the n—kgy equations in (5.9) numbered

ko+1,...,n with fk(l;_)l, e fn(”) and solve, e.g., for (Am]?n(”), fl (V))Z-,
i = ko + 1 ,n, we obtain

! ((g<”> S O (AsF O F ) 1 /\0>

T2 ko
i=ko+1,...,n—1,

(An’nf/.\n(y)7 ﬁl(l/))n - )\0
1 N — v W) T (v
((g,(:),fn“))n — 37N (A £ 1 >>n)~

£ 1 P

Adding the corresponding multiples of the first n — kg — 1 columns to
the last column in the determinant in (5.10), we arrive at

A(fk(():_)p R} fn(V); )‘0)

(v v n k v v n n
= det (((A” j( ?)fi( ))i)i:k0+1,j:k0+1 ((Aijfj( 7)f1'( ))i)i:ko_;'_l’j:k_,'_l

1 v v
T, (O )

The entries in all but the last column are bounded in v, and the entries
of the last column tend to 0 since ¢ — 0, v — oo, and ||f|, >
v, > 0, v € N. Expanding the determinant with respect to the last
column, we thus obtain

(fk0+1a---aﬁq,(y)§)\0) — 0, v — oo
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As A(fkg'jr)l, B -) is a monic polynomial, we can write

. R ’I’L*k?(]

AR ROy =TT A=A, veN,
i=1
where )\E”) €C,i=1,...,n— kg, are the (not necessarily disjoint) so-
lutions of A(Eﬂé'ﬁl, A fn(”); A) = 0, and thus, )\E”) c Wrn—Fko(PAP*),
i =1,...,n — ko. Now, Hurwitz’s theorem (see [3, Theorem 2.5])
implies that
dist(Ag, W™ R0 (PAP*)) < min{|]AY” — Aol,..., A" = Xo[} — 0

for v — oo and thus, A\g € Wn—ko(PAP*) C W"(A) by Proposition 4.5
due to the dimension conditions (5.5).

It remains to prove the last claim. By the closed graph theorem,
the approximate point spectrum o,pp(A) is the complement of the set
r(A) of points of regular type of A, o,pp(A) = C\ r(A), where

r(A) :={\ € C:thereis a Oy > 0 [[(A = N fl| = Cllf]l, f € D(A)Y.

Since A — X is injective for A € r(A) and A\ — dim R(A — \)* is
constant on every component of r(A), the second inclusion is a direct
consequence of the first one. O

Since boundedness and relative compactness both imply relative
boundedness with relative bound 0 in a Hilbert space (see [6, Corol-
lary I11.7.7]), the following corollary is immediate from Theorem 5.2.

Corollary 5.3. If each A;j is either bounded or Aj;-compact for all
i,j=1,...,n,i+# j, then the spectral inclusions in Theorem 5.2 hold.

In order to show that components of C\ W"(A) contain points of
p(A), stability results for bounded invertibility may be used (see, e.g.,
[9, Chapter IV, Section 1] or [13, Corollary 2.1.5]).

Remark 5.4. Since the numerical range is convex, the complement

C\ W(A) has at most two components. The number of components of

C\ Wn(A) for n > 1 is still unknown.
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Remark 5.5. In general, the closure A L of A need not be an operator
matrix so the block numerical range of A is undefined. However, if A
satisfies the assumptions of Theorem 5.2, then, due to the relations

Up(-A) - Uapp(A)a Uapp(z) = Oapp (A),
it follows that

op(A) C Wn(A), Tapp(A) C Wn(A).

6. Inclusions among block numerical ranges and Gershgorin
theorems. In this section, we first compare the spectral enclosure
provided by the block numerical range with those provided by lower
order block numerical ranges and, in particular, by the numerical range.

Second, we prove a row sum as well as a column sum Gershgorin
theorem for diagonally dominant operator matrices. For bounded
off-diagonal entries, using either this enclosure or an estimate of the
block numerical range by the matrix Gershgorin theorem, we obtain an
enclosure for the spectrum that depends only upon the numerical ranges
of the diagonal elements and the norms of the off-diagonal entries.

ITH=H1D --DH, and’Hz’i’-Nll@~-~@7-lk with n > k, then the
block numerical range W"(A) of an operator matrix A with respect
to Hy @ --- @ H, need not be contained in W¥(A) with respect to

H1D-- D Hp.
_ Inclusion does hold if n > k and H1 @ --- & H,, is a refinement of

Hq @ - & Hy,. Thus, in this case, W™(A) may give a tighter spectral
inclusion than W*(A).

Theorem 6.1. Let n,k € N, n > k, and let H = H1 @ --- ® H,
be a refinement of H = Hi @® --- @ Mg, that is, there exist integers
O=i< - <igp=nuwithH =Hi; 1D --®H;,l=1,...,k. Then,

WHl@"'EBHn (A) - Wﬁ A)a

or, briefly, W"(A) c WF(A) for n > k upon refinement of the

decomposition.

1oL (

Proof. The proof is similar to the proof for bounded A (see [13,
Theorem 1.11.13]); thus, we only sketch it. It suffices to consider the
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case k = n — 1; the general case follows by induction. If k¥ = n — 1,
there exists a kg € {1,...,n — 1} such that

H, =M, lefl,... ko—1},
’,kaO: Hio © Hig+1,
H = Hit, le{ko+1,...,n—1}

note that, for kg = 1 and kg = n — 1 the first and the last set,
respectively, are empty. If we apply the spectral inclusion theorem
[13, Theorem 1.11.6] for the block numerical range of matrices to each
matrix Ay with f € D(A) N Sy, 0.0y, @My 116-@H,» We Obtain

Wi e--on, (A) = Wi, o amy, @My, 1001, (A)
= J{o(Ap) : f € D(A) NS, 0-amy 6Hrg 100 |
C | U{Wee-oc2@-ac(Ar) 1 f € DA Sty @t 6Hig 1 6--Hn -

Now the proof is completed in the same manner as the proof of
[13, Theorem 1.11.13] by showing that, for every pair f € D(A) N
S’Hl@‘“@ﬂko@’Hk0+1@'“€97{n and T € (C DD (C2 D---D (C, there exists
ag € D(A) NSy,@.en, such that o((Af),) = o(Ay), and hence,
Weg.ocze--ac(Ar) C Wiy e-an, (A). .

Remark 6.2. Note that the inclusion W"(A) C W/(A) proved in
Proposition 4.4 for every decomposition H = H, & --- ® H, is the
special case k = 1 of Theorem 6.1.

The classical row sum Gershgorin theorem for matrices (see [8,
Theorem 6.1.1]) was extended by Salas to bounded n x n operator
matrices (see [12] and also [13, Section 1.13]); the proof generalizes
Householder’s proof using a Neumann series argument with respect to
the operator norm induced by the ||| - |||cc norm on H = H1 B - - B Hy,

fllloo := max{l|filli,. .., I fulln}s  f=(fr,. s fa)" € H.

Here, we prove both a row sum Gershgorin theorem as well as a
column sum Gershgorin theorem for unbounded diagonally dominant
n X n operator matrices.
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In the row sum case, we modify Householder’s proof by using a differ-
ent factorization in (6.2) below in which the factor diag (Ai1, ..., Ann)
is on the right; this allows us to use the dominance relations within
columns to obtain a more elegant result.

Theorem 6.3 (Row sum Gershgorin theorem). Let A be a diagonally
dominant n x n operator matriz with closed diagonal elements A;; and
Ajj-bounds 0;5 of Aj; such that Si=1 0ij < 1, and let a;j, bj; > 0 be

i#i
such that Y j—1b;; <1 and
i

(6.1) N Aijfilli < aizllfill; +0ijll A5 fills,  fi € D(Aj5) C D(Aij),
fori,j=1,2,....n,i# j. Then, 0(A) C Grow(A) where

(amﬁw{mpw:ZHAMAN- T 1})

i=1
i#£]

I

grow (A) :

1

J

3

C

<.
rC s

(O’(Ajj)U{AEP(Ajj) A =0 (

Proof. First, we note that the assumptions on d;; imply that A is
diagonally dominant of order < 1 and hence closed by Theorem 3.1.
Suppose that A\ ¢ U;Zl o(A;j;). Then, since A is diagonally dominant,

A=A 0
(6.2) A== (I +C(N) .
0 Apn—A
where C(A) is the bounded operator matrix
0 Ajp(Aga—A)"1 oo A (Apn—2)71

Agl(All—A)il 0 A2n(Ann_)\)71
C(N) = )

Ap1 (A —A)~t 0
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If we equip H = H1®- - -®H,, with the norm |[||( ;) ||l = >y 1 fills,
and denote the corresponding operator norm by ||| - |||1 as well, then

HICMII2 <maxZ||Au i =N
2#]
If A ¢ Grow(A), then Z;’?HA”(Ajj A7 <1lforallj=1,2,...,n,
7]

and thus, |||C(A)|]}1 < 1. By (6.2), this implies A € p(A), which proves
the inclusion o(A) C Grow(A).

The relative bounds §;; are defined as the infima of all b;; > 0 such
that there exists an a;; > 0 with (6.1) (compare to (2.4)). Hence, the
assumption Zj 1 d;; < 1 implies the existence of a;;, bj; > 0 with

Z] ! bi; <1 and (6.1). Now, the inclusion for G,ow(A) follows if we
use that by (6.1),

1455(Aj5 = N 7H < (aig + i) 1(Aj5 = M) 7H + by
fori,j=1,2,...,n, i # j. O
Theorem 6.4 (Column sum Gershgorin theorem). Let A be a diago-

nally dominant n xn operator matriz with closed diagonal elements Aj;
and Aj;-bounds ;5 of Ai; such that S 0i; < 1, and let a;5, bjj > 0

J#i
be such that > j—1 b;; <1 and
i
1 4ij filli < aijll fill; + il Aji fill5, fi € D(Aj5) C D(Ayy),
fori,j=1,2,....n,i# j. Then, c(A) C Geo1(A) where

Geor(A U< {)\Ep i Z”AU 3~ )_1”21})

j#'

<U {)\EP Z 1”(“%] + [Albi;)
T

Zl_j_ilbij}>.

J#i

cU s

Jj=1
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Proof. The proof is analogous to that of Theorem 6.3 if we equip
H=H1D - ®H, with the norm |||( ;)" ]|||cc = max?_, ||f;ll:, denote

the corresponding operator norm by ||| - |||cc and use the estimate
n —1
HEMllee < I?:afz; 1465 (Az5 = )7l 0
J:
J#i

If the off-diagonal entries A;;, @ # j, of A are bounded, we can
choose a;; = || A4sjl|, bi; =0, i # j, in Theorems 6.3 and 6.4. For the set
Geol(A) in Theorem 6.4 we obtain the corresponding inclusion merely by
replacing || A;;(A;; —A) 7| by || Ai]|||(4;; — )| and is thus omitted.
For the set Gyow(A) in Theorem 6.3 we obtain the following inclusion.

Corollary 6.5. Let A be an n X n operator matriz as in Theorem 6.3
with bounded off-diagonal entries. Then,

Grow(A) C UG(AJ'J') U {/\Gp(Ajj) (A =07 <2Au}>~
i=1 ‘

i=1
i#£]

The disadvantage of using Gershgorin-type theorems is that they
involve the norms of inverses of the diagonal entries Aj;. If we
estimate the latter in terms of the numerical ranges of A;;, the following
enclosures are immediate from Theorem 6.3 and Corollary 6.5.

Corollary 6.6. Let A be a diagonally dominant n X n operator matriz
as in Theorem 6.3 and a;;, b;; as in (6.1). Then,

n

Grow(A) C U {)\E(C:dist (A W(A4;)) <

J=1

Yoizi(a; + [Nbij)
] .
1-— Zv 1 bz] ’

i£]

if the off-diagonal entries A;j, i # j, are bounded, then

S

69 et U frecasowian < Sha

i=1
i#]
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Remark 6.7. The set on the right hand side of (6.3) also contains the
block numerical range of A,

wn( U{)\EC dist (A, W(Aj;) ZAUH};
- i
this follows if we apply the matrix Gershgorin theorem to each matrix
Agp, f = (fj)}=1 € D(A) NS, in Definition 4.1 of W"(A) and use
that dist (A, W(A;;)) < [(Aj5f5, f3); = Al and [(As f5, fi)il < ([ Al
i,ji=1,2,...,n,i#j.

In the next section, we show that, for self-adjoint tridiagonal 3 x 3
operator matrices, the block numerical range indeed yields tighter
estimates than, e.g., the row sum Gershgorin theorem.

7. Self-adjoint n X n operator matrices and applications. In
this section, we show that the block numerical range may give tighter
spectral enclosures than the numerical range, classical perturbation
theory and Gershgorin-type enclosures. It is remarkable that this effect
occurs even for self-adjoint operator matrices.

Here, we consider the cubic numerical range (n = 3) of self-adjoint
tridiagonal operator matrices with semi-bounded diagonal entries and
bounded off-diagonal entries. Toward this end, we need the following
elementary lemma on the eigenvalues of 3 x 3 matrices.

Lemma 7.1. Let a;; € R, a;; € C, i # j, 4,5 = 1,2,3, and consider
the Hermitian tridiagonal 3 X 3 matriz

a1 a0
M = a2 as2 a9s
0 a3 ass

Then, the eigenvalues A1 < Ao < A3 of M have the following properties:
(i) Ak, k =1,2,3, depends only upon a; € R, i = 1,2,3, and upon
a1z, |aza| € R;

(ii) for fized aiz,ass € C, A\, k = 1,2,3, is a monotonically
increasing function of each a;; € R, i € {1,2,3};
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(it") for fived a1a,a93 € C, A\, k = 1,2,3, is a strictly monotonically
increasing function of a; € R, i € {1,2,3}, provided that Ay is not an
eigenvalue of any principal minor of M not containing the ith row and
columm;

(iil) for fived a;; € R, i = 1,2,3, Ay (respectively, \3) is a mono-
tonically decreasing (respectively, increasing) function of |aiz|, |aas|,
separately;

(iv) Ak, k=1,2,3, are given by the formulae:

1 .
Ak = g(au + a2 +asz) if ain = age = ass, a2 = azs =0,

1 2k
. = =(a11 + a2 + aszs) + —= cos pT AT otherwise,
1) M= 3 2 é’ Ld +3

where, in the latter case,

1

(72) p:= *6((011 —a2)? + (a11 — az3)? + (a22 — as3)?)

= la1a|* = |azs|* (< 0),

2
|a12|2a33 + |a23|2a11 — a11a22a33 — — (a1 + aze + a33)3

(7.3) q: 57

+ g(anazz + ai1a33 + az2a33 — |CL12|2 - \a23|2)

3q P
7.4 :=arccos [ — =—=4/—= |;
( ) 2 ( 2p p)

(v) if a11 = agp = agz = ming’:l a;, then g =0, and hence,

(a1 + ags + ass),

3

(75) A > mi?aii — 1/ |a12|2 + |a23|2, k=1,2,3;
i=

if at least two of the ay;, © = 1,2,3, are different and A is not an
etgenvalue of any proper principal minor of M, then the inequality in
(7.5) is strict.
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Proof.

(i) Since the eigenvalue equation

AP — (a11 + age + asz) A* + (a11a22 + ar1ass + azzass) A

(7.6)
— 11022033 = (|6112|2 + |a23|2))\ - |012|2033 - |a23|2a11

for M depends only upon a;; € R, i = 1,2,3, and |ajz|, |a2s| € R,
claim (i) is obvious.

(ii) By the classical min-max principle, the eigenvalues A\, of M,
k =1,2,3, can be characterized as
A1 = min (Mz, z),
z€S3

A2 =max min (Mz,z),
yeS3 xNS3,xly

A3 = Mz, z).
3 = max (Mz, z)

Since, for x = (21,72, 73) € S3, the quadratic form

(Mm,x) :a11|x1|2 + a22|x2\2 + a33‘$3|2

7.7
(7.7) + 2Re(a122277) + 2 Re(agzx372)

is a monotonically increasing function with respect to a4, ¢ € {1,2, 3},
claim (ii) follows.

(ii") We denote by M, € M3(C) the principal minor of M consisting
of the [th and mth row and column, and set M; = (ay) € M;(R),
1=1,2,3.

Let k,i € {1,2,3}, and let oF = (2,25, 25)t € C3, ||2*| = 1, be
an eigenvector of M at A\. Then, (7.7) shows that A\, = (Mz*,z")
is strictly increasing with respect to a;; if ¥ # 0. In order to prove
the claim, we show that the assumption implies that mf # 0. First, let
i = 1 and assume, to the contrary, that 2§ = 0. Then, the eigenvalue
equation MzF = \,z* becomes

alg.ﬁ% 0
k k| _ k
A22T5 + G23%3 | = Ak To
—..k k k
23Xy + a33T3 T3

Then, either a;2 = 0 and Mg is an eigenvalue of Ms3 or x§ =0 and
AL = as3 is an eigenvalue of M3, a contradiction to the assumption.
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For i = 3, the proof is analogous; here, % = 0 yields the contradic-
tion ag3 = 0 and A is an eigenvalue of M1, or A, = aq1 is an eigenvalue
of M1 .

For i = 2, the assumption 5 = 0 implies that

k k
a1y Ty
alg.’lilf + CL23.’E§ =M\ 0
k k
a33x3 333
Since ||z*|| = 1, either ¥ # 0 or 2% # 0, and hence, either \; = ay; is

an eigenvalue of My or A\ = azs is an eigenvalue of M3, both of which
contradict the assumption.

(iii) We fix a;; € R, ¢ = 1,2,3, and |ag3]; the proof for fixed |ais] is
completely analogous. If we denote the right hand side of the eigenvalue
equation (7.6) by g(\,|ai2|), then the eigenvalues g, k¥ = 1,2,3, as
functions of |a12| can be viewed as the intersection points of a fixed
monic cubic polynomial with the family of linear polynomials g(-, |a12]),
|a12| € [0,00),

()\—all)(/\—agg)()\—agg) :g()\,|a12|), A ER.

The family of lines g(-, |a12|), |a12] € [0,00), intersects in the point
A\ = a3z and has the common value |as3|?(a33 —a11) there; at the point
A = ay; the value is |aja|?(a1; — ags). Hence, all of these lines are non-
positive at min{ay1, agz} and non-negative at max{ai1,as3}. Since the
slopes (|a12|? + |ags|?) are monotonically increasing in |aiz| € [0, 00),
the claimed monotonicity of A; and A3 with respect to |ai2| € [0, 00)
follows.

(iv) By the change of variables
1
(7.8) T=\-— §(a11 + a2 + ass),

(7.6) is reduced to the depressed cubic equation x3 + pr + ¢ = 0 with
p, ¢ given by (7.2) and (7.3), respectively; note that p < 0. Since the
matrix M is Hermitian, it has only real eigenvalues A\; < Ay < A3. This
is the case of non-positive discriminant, 27¢2 4 4¢® < 0, and hence, the
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roots of the depressed equation are given by
2z, =0, k=1,2,3, ifp=0;

2k
o = 24| =L cos 25T k=1,2,3, ifp<0,
3 3
(see [4, Theorem 1.3.3]; note that we changed the order of the roots to
achieve that they are enumerated increasingly, i.e., x1 < zo < x3. This
and (7.8) yield the formulae for A\, k = 1,2, 3.

(V) Clearly, if a17 = asy = asz, then p = —(|a12|2 + |a23\2) and
= 0. Hence, p = 7/2 and cos(((7/2) + 27)/3) = —/3/2 which
implies Ay > minf’=1 ai; —+/—p. The last claim follows if we use the
strict monotonicity from (ii’). O

In the following theorem, we consider self-adjoint tridiagonal 3 x 3
operator matrices whose diagonal entries are all semi-bounded either
from below or from above.

We assume that both off-diagonal entries A;s, Ass are non-zero;
otherwise, the cubic numerical range is simply the union of a quadratic
numerical range and a numerical range. For simplicity, we assume that
the off-diagonal entries are bounded.

Theorem 7.2. Let

A11 A12 0 A11 0 0 0 A12 0
A=A, Ay Axs| = 0 Apn 0 |+[AT, 0 Ay
0 A5y Ass 0 0 Ass 0 A3 O
=T S
with A, = A, i = 1,2,3, all bounded from below and bounded Ais,

Assz #0. Then, A= A* is bounded from below with

. . 3 po (,00+27T
(7.9) mino(A)=inf W3(A)> ZaH—QM cos

where a; :==mino(Ay), i =1,2,3, and

:—fZ (a; — a;)? — [ A — || Azs|%;

i,g=1
1<J
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2
qo = ||A12||2113 + ||A23||26L1 — aia2a3 — ?7(&1 + a2 + CL3)3

1
+ g(al@ + araz + azaz — || A12|* — || A2s]|*) (a1 + az + a3);

3q0 3
o = arccos | — —/——|.
2po ' po

Moreover, the lower bound w® (A) of W3(A) satisfies the inequality
(7.10) w? (A) = mino(T) = (|| Awa|? + [ A2s]*)"/2,

and strict inequality prevails if at least two of the lower bounds
mino(A;;), i = 1,2,3, of the diagonal elements are different.

Remark 7.3.
(i) The estimate (7.9) also holds for any a; with A;; > a;, i =1,2,3.

(ii) If, in Theorem 7.2, all A; = A}, i = 1,2,3, are bounded
from above, an analogous estimate holds for max (A) < w3 (A) where
w3 (A) is given by (7.9) with a; :== maxo(Ay;), i = 1,2,3.

Proof. Let f = (f1, f2, f3) € D(A)NS3, ie., ||filli = 1,4 =1,2,3,
and consider

3 (A fi, fi)r (Aiafa, fi) 0
Af:((Aijfjvfi)i) ,_1: (ATQflaf2)2 (A22f25f2)2 (A23f3,f2)2
"o 0 (A33f2, f3)s (Asafs, f3)3

By Lemma 7.1, Ay has three eigenvalues A1(f) < Xo(f) < As(f)
where A1(f) is a monotonically increasing function of (A;; fi, fi): € R,
i = 1,2,3, separately and a monotonically decreasing function of
[(A12fa, f1)1l, |(A2sfs, f2)2| separately. If we use this monotonicity
together with the inequalities

(7.11) (A“‘fi, fz)z Z a; Z min O'(T), 1= 1, 273,
(7.12) [(Ar2f2, fi)1l, [(AT2f1, f2)2] < [|Asz2]l,
’ |(A23f3, f2)2|, |(AS3f2, f3)s] < || Azs]l

in the formulae for A\;(f) according to Lemma 7.1 (iv) and (v), then
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the first inequality in (7.11), yields that

3
. . 1 Po wo + 2m
FW3A) = inf  M(f) > 5D a;+24 /=% cos Ho—,
. “) fEDl(r.zl‘l)ﬂS3 1(f) = 3= ¢ 3 %73

while the second inequality in (7.11) with equal lower bound for
(Asifi, f1)i, © = 1,2, 3, together with (7.5), gives (7.10).

Since A is self-adjoint and semi-bounded, it follows that W3(A) C R,
C\ W3(A) has one component, and C\ R C p(A). Thus, Theorem 5.2

shows that o(A) C W3(A), and hence, mino(A) > inf W3(A), which
completes the proof of (7.10).

Finally, suppose that at least two of the a; = mino(Ay), i = 1,2, 3,
are different, min o(4;,;,) > mino(T) for some iy € {1,2,3}. Since the
strict monotonicity in Lemma (7.1) (ii’) only holds under additional
assumptions, we distinguish two cases.

First, assume that inf W3(A) < inf W#Z(Az) for all proper prin-
cipal minors Az of A with Z ¢ {1,2,3}, and let ¢ > 0 with
inf W3(A) + e < inf W#Z(Az) for all Z C {1,2,3} be arbitrary.
Then, there exists an f¢ = (ff,f5,f5) € D(A) N'S? such that
A (f%) < inf W3(A) + e < inf W#Z (A7) for all Z € {1,2,3}. Hence,
A1(f¢) is not an eigenvalue of any proper principal minor of Ay-.
According to Lemma 7.1 (ii’), A;(f€) is strictly monotonically in-
creasing with respect to (Ayi, f5,, f5 )i,- Now, the strict inequality
(Aigio [5, f5))io = mino(Aiys,) > mino(7T) and the inequalities (7.11)
for i € {1,2,3} \ {io} vield that strict inequality in (7.10) holds.

Finally, suppose that inf W3(A) = inf W#Z(Az) for some proper
principal minor Az of A with Z € {1,2,3,}. If Z = {i} with
i € {1,2,3}, then inf W3(A) = inf W(A;;) = mino(A4;;) > mino(T) >
mino(T) — (||A1a]|? + || A23]?)'/? since Aja, Az # 0 by assumption.
If T = {1,3}, then inf W3(A) = inf W?2(diag(A11, A33)) > mino(T) >
min o (7)) — (|| A12|>+ | A23]|?)*/2, as before. If T = {1, 2}, then classical
perturbation theory for A;s shows that inf W3(A) = inf W?2(A15) >
mini:LQ O'(Aii) — HA12|| > man’(T) — (||A12||2 + ||A23||2>1/2 since
Ass # 0 by assumption; the case Z = {2,3} is analogous. O

Remark 7.4. Let A be a self-adjoint n x n operator matrix in
H=H1® - DH, with diagonal elements A;; all bounded from below
and bounded off-diagonal entries.
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(i) The row sum Gershgorin enclosure in Corollary 6.5 yields the
lower bound

n

min o (A) > inf Grow (A) > grow,— (A) := min (min o(Ay)— Z |A”||>

=1

=1
i
since here, for i = 1,2,...,n,
1
(Ai — N7 = A <mino(7T) < mino(A;);

min O'(A”) — )\7
analogous bounds can be derived for max o (A).

(ii) Classical perturbation theory, more precisely, a Neumann series
argument, gives the lower bound
n

mino(A) > p_(A) = min (mino(A;)) — ||S||

since, for A < p_(A), we have A — X = (T —\)(I1,, + S(T —A)~7!) and
ISl ISl

IST =070 = Gk ot ~ mns Gmimo (A % <

Remark 7.5. If, in Theorem 7.2, all A;; have the same lower bound,
then the lower bound w3 (A) in (7.9) satisfies (7.10),

w? (A) > mino(T) — (|| Asz|? + [| Azs]*) "/
the same estimate holds for the perturbation bound in Remark 7.4 (ii),

p(A) = mino(T) — S| > mino(T) — (| Ar2]® + | Azs]?) ">

The next example shows that the lower bound for the spectrum pro-
vided by the block numerical range is tighter than the bounds furnished
by the Gershgorin enclosures and by classical perturbation theory.

Example 7.6. Let a > 0, and consider the 3 x 3 matrix

a -1 0 a 0 0 0 -1 0
A=(ai)};oy=|-1 0 1 |={00 0 |+{-1 0 1
0 1 -a 0 0 —a 0 1 0

T S
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Here, W3(A) = 0,(A), and thus, min W3(A) = —va2+2. With
the notation of Theorem 7.2, we have a; = a, as = 0, a3 = —a,
HAlgH = HA23H = 1, Po = —a2 — 2, qo = O, Yo = —7T/2 HBHCG7 the
lower bound w? (A) in Theorem 7.2 becomes

_ a2 (577)
V3 6
and is thus sharp. This also follows from the proof of Theorem 7.2

since all ‘H;, ¢ = 1,2,3, have dimension 1, and thus, the estimates
(7.11), (7.12) become equalities.

w? (A) = —Va2+2=minW3(A) = minc(A),

Gershgorin’s row sum theorem for matrices (see [7, Theorem 6.1.1]
or Remark 7.4 with #; = C) yields the lower bound

3
3
grow,—(A) = Ile:l{l (aii - Zl |aij> = mln{a —-1,-2,—a— 1}
=
i )2 a <1,
l-a-1 a >1,

and classical perturbation theory with respect to the diagonal gives the
lower bound

(7.13) p_(A) =mina(T) — ||S|| = —a — V2.

The only parameter value for which the three different bounds coincide
is a = 0 where all diagonal elements are equal. For all a > 0, both
the Gershgorin and the perturbation bound are worse than the bound
w3 (A) provided by the cubic numerical range (see Figure 1).

As an example, we apply Theorem 7.2 to three-channel Hamiltonians
arising in non-relativistic quantum mechanics.

Example 7.7. A simple model of interaction between two confined
channels (e.g., a quark/anti-quark system) and a scattering channel
(e.g., a two-hadron system) leads to a three-channel Hamiltonian of

the form
—Vﬂ—i— Uq Vio 0

H := V12 —VZ&F Us Vas
0 Vs —V2/2
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FIGURE 1. Lower bounds w®(A) (red/solid, cubic numerical range),

grow,— (A) (blue/dashed, Gershgorin), and p_(A) (green/dash-dotted, per-
turbation theory) as functions of a.

in the Hilbert space La(R3)® Lo(R3) @ Lo (IR?); here h, the quark mass,
and the hadronic ground state mass have been normalized to unity. We
decompose H = Hy + V with

g o 0 Viz 0
HO = 0 Hc(z) 0 V .= V12 i ‘/23
0 0 H 0 Vas 0

For the Hamiltonians Héi) = —V?/2+U;, i = 1,2, in the confined
channels, we assume that the potential U; is such that Hc(i) is self-
adjoint in Lo(R?®) and bounded from below with discrete spectrum,
Héi) > —w; where w; > 0,

o(HY) = op(HD) = {pV) : n € N} C [~w;, o0)

accumulating only at co; this includes, e.g., three-dimensional harmonic
oscillators.

The unperturbed Hamiltonian Hy = —V?/2 in the scattering chan-
nel, which is the kinetic energy operator for the relative motion between
the two hadrons, is self-adjoint and non-negative in Lo(R?) with con-
tinuous spectrum, o(Hy) = o.(Hy) = [0, 00).
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The off-diagonal terms V;; and Vj; = V;;, |[i — j| =1, 4,5 = 1,2,3,
represent the coupling between the channels. We suppose that Vo, =
Vig is Hc(l)—bounded with relative bound 821, Vis and Vi = Vag are

Hc(z)—bounded with relative bounds d15 and d32, respectively, and Vag
is Hg-bounded with relative bound do3. If

ﬁmax {621, \/M7 632} < 17

then H is diagonally dominant of order < 1, whence self-adjoint on the
domain

D(H) = D(H") & D(H®) & D(H,)

and bounded from below. If the potentials V;; are essentially bounded,
Vij € Loo(R3), then Theorem 7.2 and Remark 7.4 give the following
lower bounds for the spectrum of H.

Since wy, we > 0, Theorem 7.2 shows that

1 2
mino(H) > w® (H) = _§(w1 + ws) _'_2”_1%0 cos Lpo_; il

> min{—wy, —w} — (|[Vaz|l + [|Vas[?)""?,

where
1
po = _6((w1 —wa)? +wi +w3) — Vil — [[Vas|;
2 1
qo = || Vas|Pwr — ﬁ(wﬁwz)‘n’ + g(wlwz — [Vaall® — [[Vas|1?) (w1 +ws);

3(]0 3
(o = arccos | — —/——|].
2p0 V' po

Since H is self-adjoint, both the row and column sum Gershgorin
enclosure give the lower bound (see Remark 7.4 (1))

mina’(H) > grow,f(H) = gcolﬁ(H)
= min{—w; — [|Viz||, w2 — [[Via|| — [|Vas][},

while classical perturbation theory yields (see Remark 7.4 (ii))
mino(H) > p_(H) = min{—wy, w2} — ||V,
where [|[V]| = max s =1 ||V f]].
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Finally, the quadratic numerical range W?2(A) with respect to the
two different 2 x 2 operator matrix decompositions

-V2/24+U;  Vig 0 .
(7.14) H= Vie V224U, | Vay | = (411 412> ,
0 Vs =2 A Az
,V2/2 + Ul‘ Via 0 A\ A\
(n15) H= TV, ‘—vzm U Ve | = (g” fz>
0 Vas —V2/2 21 A22

in Ly(R3)2 @ Ly(R?) and Ly (R?) @ Ly (R?)?, respectively, also provides
lower bounds.

Toward this end, in each case, we apply [13, Theorem 5.6] twice,
first to the 2 x 2 operator matrices A11 and AQQ to estimate the minima
of their spectra and then to the 2 x 2 operator matrices in (7.14) and
(7.15). If we set

2| Vo]

1
012 :== ||Viz|| tan<f arctan
2 |(.U1 — UJ2|

) < IViall
1 2|| V-
o3 1= ||V23Htan<§ arctan M) < || Vasll,
w2

then [13, Theorem 5.6] applied to Ay and to 222 yields the estimates
min{—wl, —(.OQ} — 512 S min 0'(12[11) S min{—wl, —LUQ},

—wy — 023 < min 0(222) < —ws.

If we define
~ 1 2| Va:
093 1= ||V23||tan(farctan = [Ves| = )
2 | mino(A11) — mino(Asgs)|
1 2| Vx
< |[Vas|| tan (5 arctan @) < [Vasll,
2 min{w;, wa}

5 1 2|1V
12 1= ||V12||tan(farctan _ [Vaz|l _ )
2 |mino(A;;) — mino(Asy)|
2| Vaa|

1
< ||Vazl| tan<§ arctan

) < [Vazll,

min{|ws — w1, lwa —wy + d23|}

Sy = min{012 + 023,012 + da3} < ||Vaall + || Vas|l,
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then [13, Theorem 5.6] applied to the two different 2 x 2 operator
matrices in (7.14) and (7.15) yields the two estimates

min o(H) > min{min a(gn), 0} — (5~23 > min{—w;, —wa} — d12 — 523,
min o(H) > min{—w;, min 0(222)}78\12 > min{—wy, —ws — 523}*312
or, combining both bounds,

min o(H) > w? (H)

= max{min{—wy, —ws } — 12 —6~23, min{—wy, —ws —da3} —312}

> min{—wi, ~wz} — dy > min{—wi, —wa} — (|| Vi + [[Vas]]).

Note that, since

1/2
—(IVaall® + IVasl*) "~ = = ([Vazll + [[Vasll),

the lower bound for w? (H) in (7.14) obtained from the cubic numerical
range is better than the lower bound for w? (H) in (7.16) obtained from
the two possible quadratic numerical ranges.
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